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Abstract

Selection of feasible cutting patterns in order to minimize the raw material wastage which is known as cutting
stock problem has become a key factor of the success in today’s competitive manufacturing industries. In this
paper, solving a rectangular shape medium size two-dimensional cutting stock problem is discussed. Our study
is restricted to raw materials (main sheets) in a rectangular shape with fixed sizes, and cutting items are also
considered as rectangular shape with known dimensions and location of each feasible cutting pattern inside the
main sheet is given in Cartesian Coordinate Plane. The Branch and Bound approach in solving integer
programming problems is used to solve the problem.

Keywords: Two-dimensional cutting stock problem; Pattern generation; Branch and Bound Algorithm.

Introduction

Minimizing wastage is a key factor in improving productivity of a manufacturing plant. Wastage can occur in
many ways and cutting stock problem can be described under the raw material wastage. Therefore, Operations
Research plays a major role in minimizing raw material wastage or to maximizing space utilization of the raw
material. Many people including scientists have conducted research to overcome above challenges. A cutting
stock problem basically describes in two ways, One-Dimensional (1D) and Two-Dimensional (2D) cutting stock
problems. An optimum cutting stock problem can be defined as cutting a main sheet into smaller pieces while
minimizing total wastage of the raw material or maximizing overall profit obtained by cutting smaller pieces
from the main sheet. Many researchers have worked on the cutting stock problem and developed different
algorithms to solve the problem.

Gilmore et al (1961) conducted some of the earliest research in this area and one-dimensional cutting stock
problem is solved using Linear Programming Technique. In this study, unlimited numbers of raw materials with
different lengths are assumed available in stock, and a mathematical model has been developed to minimize the
total cutting cost of the stock length of the feasible cutting patterns and Column Generation Algorithm has been
developed to generate feasible cutting patterns. Then, Gilmore has claimed that feasible cutting patterns are
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increased with the required cutting items and Linear Programming Technique is not applicable to solved
mathematical model with too many variables. Gilmore (1963) has made an approach for one-dimensional
cutting stock problem as an extended of earliest paper (Gilmore et al (1961)) and cutting stock problem has been
described as a NP-hard problem. A new and rapid algorithm for the knapsack problem and changes in the
mathematical formulation® has been evolved and Gilmore has explained the procedure of the Knapsack Method
using a test problem. Also, Saad (2001) has modified Branch and Bound Algorithm to find feasible cutting
patterns for one-dimensional cutting stock problem and mathematical model has been developed to minimize
the total cut loss. In the case study, Saad has selected four different types of steel coils to cut from the standard
steel coil with the 130 cm length and width of the main coil and widths of the required coils are equal. Branch
and Bound Algorithm has been explained using the example.

Other than to one-dimensional cutting stock problem, most of the researches have worked on the two-
dimensional cutting stock problem. Among them, Christofides et al (1976) has presented a Tree-Search
Algorithm for two-dimensional rectangular shaped cutting stock problem and a dynamic programming
procedure for the solution of the unconstrained problem and a node evaluation method based on the
transportation routine are used to produce upper bounds during the search. In this study, Christofides has used
only guillotine cuts (a cut from one edge of the rectangle to the opposite edge which is parallel to the two
remaining edges.) and the maximum number of pieces from each item can be produced as assumptions. The
computational performance of the algorithm is illustrated using three test problems. Christofides has indicated
that feasible cutting patterns are increased for the large number of items to be cut from the available main sheet
and the Tree-Search Algorithm valid only up to medium size cutting stock problem.

Beasley (1985) has discussed the unconstrained two-dimensional cutting stock problem, with guillotine cuts and
staged cuts (the cuts at the first stage are restricted to be guillotine cuts parallel to one axis, then the cuts at the
second stage are restricted to be guillotine cuts parallel to the other axis and the cuts at the third stage are
restricted to be guillotine cuts parallel to the original axis etc.). Beasley has presented both Heuristic and
Optimal Based Dynamic Programming for staged cutting and guillotine cuttings. Computational results are
presented for both staged cutting and general guillotine cutting. Beasley has indicated that the algorithm
developed for staged cutting is more effective than the general guillotine cuts to generate feasible cutting
patterns.

In this competitive manufacturing environment, there arise a problem to find an optimum layout of two-
dimensional pieces with different shapes and sizes within the available main sheet of known dimensions. Hassan
et al (2010) has made an approach to cut regular and irregular shaped pieces within rectangular main sheet of
known dimensions and has transformed irregular shapes pieces into rectangles before the allocation is made. In
the case study, Hassan has selected male trouser with size 42 cm. five types of pieces (two pieces of front side
leg, two pieces of back side leg, belt, two pieces of side pockets and two pieces of back side pockets) have to be
considered to tailor one trouser. For this task, imposed assumptions are the required pieces and main sheets
should be in rectangular shape (if pieces are in irregular shapes it should be transformed to rectangular shape),
the maximum length and width of each main sheet (fabric roll) are considered to be five meters and one meter
respectively, all applied cuts are guillotine type and the cutting waste in each step cannot be more than the
previous cutting step. Using Simulated Annealing process, single objective (minimizing the total cutting waste)
two dimensional cutting stock problem has been solved.

Also, Chen et al (2011) has used a hybrid algorithm to solve two-dimensional cutting stock problem with
irregular parts on multiple regular steel plates. Mathematical model has been developed to minimize cutting
plane time and enhance steel use efficiency. In this study, first convert the irregular shape items into rectangular
shapes and Genetic Algorithm has been applied to schedule parts layout sequence and finally apply Improved
Bottom Left Algorithm to place the parts to a feasible location. Chen has described both Genetic Algorithm and
Improved Bottom Left Algorithm using a case study.

There are different arrangements to cut required pieces from the existing raw material to maximize the used area
and each arrangement is defined as a cutting pattern. Rodrigo et al (2012) has presented modified Branch and
Bound Algorithm and a computer program using Matlab software package to generate feasible cutting patterns.
Floor tile manufacturing plant has been selected to describe the modified Branch and Bound Algorithm as a case
study.

In this study, modified Branch and Bound Algorithm is presented and a computer program using Matlab
software package is developed to generate feasible cutting patterns and to define the location of each item in
each pattern within the Cartesian coordinate plane for two-dimensional rectangular shape cutting stock problem
as an extended of the earliest paper (Rodrigo et al (2012)).
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Materials and Methods

Prior to finding minimum raw material wastage of two-dimensional cutting stock problem, rectangular shaped
main sheet with known dimensions and required items are selected.
According to the selection, a mathematical model to minimize the wastage is formulated as follows:

Following notations are introduced to describe the model:
m = Number of items,
n = Number of patterns,

pij = Number of occurrences of the i™ item in the jth pattern,
X; = Number of main sheets being cut according to the jth pattern,
¢j = Cutting loss for each jth pattern,

Demand for the i" item.

£
I

Mathematical Model:

n
Minimize z = " ¢;x; (Total Cutting Loss)
izt

n
Subject to Z pi; X; = d; forall i=12..,m (Demand Constraints)
i=1
Xj, Pij 20 and integer forall i, j,

The number of occurrences of the ™ piece in the jth pattern (p;) needs to be determined to find the optimum

solution (minimum-waste arrangement) for the given mathematical model. Therefore, modified Branch and
Bound Algorithm is used to generate feasible cutting patterns.
m

Here, Z pij Al < LxW  forallj=12..,n, where A;, Land W are the area of the i™ item, length

i=1
and width of the main sheet respectively.

Modified Branch and Bound Algorithm:
Step 1: Arrange required lengths, I;, i =1, 2, ..., m in decreasing order, ie 1;>1,> ... > |,
where m = number of items.
Arrange required widths, w;,i=1, 2, ..., m according to the corresponding length
li,i=1,2,...,m.

Step2:For i =1,2,...,mand j =1 do Steps 3 to 6.

Step 3: set a, = H%l ﬂ ;

— (D,

where L is the length of the main sheet.
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Here, a; is the number of pieces of the i™ item in the jth pattern along the length of the
main sheet and [[y]] is the greatest integer less than or equal to y..

Step 4: If aj > 0, then set by :H% ﬂ ()
1

else set bj; = 0.

where W is the width of the main sheet.

Here, bj; is the number of pieces of the i™ item in the jth pattern along the width of the

main sheet.
Step5: Set p; = by,
where pj; is the number of pieces of the i" item in the j" pattern in the main sheet.
Step 6: Location of the i" item in the ™ pattern and number of pieces from each item:
Ifa; > 0, then set

o= F o [F ) ) [t

z=1

i j ij

where N; is the number of pieces can be cut from the i item in the j" pattern along the length wise
and width wise respectively and (xi Vi )are the coordinates of the each piece of i item in the j"

pattern within the main sheet.

Step 7: Cutting Loss

(i) Cut loss along the length of the main sheet:

g

For i=12,...,m

( Za” ,]zwi and W > |;, then

(Considering 90° rotation for the given cutting items.)
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AREEE

Bjj
0, otherwise.
Py = Pij + Ay By
elseset Aj = 0;
Bj = 0;
Py = Pj

If Aj >0, then

o )]
Ezm:anj . +ZAZJ Bi; ,J Hian”nJiAuw AW, B,JI.};

n=1 z=1 n=1 z=1

i ij X Bu

If A; > 0, then

e egufad

where, A;j and Bj are the number of pieces of the i" item in the jth pattern along the

length and width of the c, rectangle respectively and C, and C, are the total cut loss area
along the length and width of the main sheet respectively.

(if) Cut loss along the width of the main sheet:
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C, = (a” II) x Kij .
Here, ki =W —(bij wi);
If (bij wi)= 0, then
set ki; =0,
where k;; is the remaining width of each item in each pattern

Forz =i
If (a,J I,) >1, andky > w,, then

o e [ (1))
()] v v

0 , otherwise.

Py = Py + Ay By
elseset Aj = 0;
Bj = 0,
Pi = Pi.

If A; >0, then

Set (x;,v;) [ZAZJ L= AL W - k,JJ,(ZAZ, L W k”J,[ZAZJ L, Wk +byj w,
{ZAZJZ a;; I W —ky +by; w]

N; = (A x By).

If A;>0, then
set C, (”I, ZJIZ)>< B, w,;
C, = a; i x (k; —Byl, )

ij i

else C, = ( ,]I,) ki »

where, A;; and By are the number of pieces of the i"" item in the jth pattern along the

length and width of the c, rectangle respectively.
Step 8:Set r=m-1.
Whiler > 0, do Step 9.
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Step 9: Whilea; > 0

set j=j+ 1and do Step 10.

Step10: If a.>Db

q= 0y then generate a new pattern according to the following conditions:

Forz=12,..r-1

Set azj = a.Z j*l ,
sz :sz—l'
Forz=r

seta,j =a,;4, —1;

if a,; >0, thenset b, ; :H% ﬂ
z

elseset b,; = 0.

For z=r+1,....m
calculate a,; and b,; using Equations (1) and (2).

For i=1,...,m
Set plj = aub
Go to Step 6.

ij -

else generate a new pattern according to the following conditions:

For z=12,..,r-1
Set a.ZJ = az jfl;

sz :bZ j-1-
For z=r
Set azj = aZ j—l ,
sz = bZ j—l - 1

For z=r+1,....m
calculate a,; and b,; using Equations (1) and (2).

For i=1,...,m
Set plj = aub” .
Go to Step 6.

Step11: Set r = r-1.

Step 12: STOP.

Ilustrative Example

Following example will illustrate how to generate feasible cutting patterns by minimizing total cutting waste:
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A floor tile manufacturing plant uses rectangular shaped marble sheets of length 3000 mm and width 1400 mm
as raw material to cut tiles according to the given specifications. The company has received an order for kitchen
tiles according to the dimensions given below:

Table |
Required item dimensions and demand

Item number 1 2 3 4 5
Required dimensions | 2200 x 600 1000 x 800 1400 x 600 1600 x 800 1000 x 600
(mm?)
Demand 1 5 4 1 3

Below illustrates the method described in the research paper to cut the main sheet according to the dimensions
so that the total raw material wastage is minimized.

Results

Modified Branch and Bound Algorithm is applied to the above example to generate feasible cutting patterns as
given below:

Step 1: Fori=1,2,3,4,5,6, lengths |; = 2200, 1600, 1400, 1000, 1000 and
w; =600, 800, 600, 800, 600
Length (L) and width (W) of the raw material are 3000 mm and 1400 mm respectively.

Dimensions of each item:

Item no (i) Length I; (mm) Width w; (mm)
1 2200 600
2 1600 800
3 1400 600
4 1000 800
5 1000 600

Step2:Fori=1,2,...,5 and j=1do Steps 3 to 6.

Step 3: Set a;; = H%ﬂ =1
L - (Ilall% ﬂ -0

{
2y = [:[L— (|1an)_(|2az% ﬂ o
{

L= (ran)-(, a21)—(l3a31}|/ ﬂ = 0

4
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ag, = H [L—(lpay)-(1,a)-(5a5)-(, a41% ﬂ _ 0
Step4: a;; > 0, thenset b, = H %ﬂ ﬂ =

a, = 0, then by = 0;
a31 = 0, then b3l = 0,
a41 = 0, then b41 = O;

O, then b51 = O.

ag;

Step 5:

2
0
Set Pattern1 =0
ol
0

Step 6: a;; > 0, then set

z=1
(2200, 0),(2200,1200), (0,1200)

1 1 1 1
(X0, y1) (z al;—apl, ](z anl; 0][2 azllz’anl]{Z a1l =gy, by wy
z=1 z=1 =
= (0,0),(
Ny =a;xby; = 1x2 =2

i.e. Two pieces can be cut from the Item 1 (2200 mmx600 mm) according to the above
coordinates.

Step 7:

Q) Cutting loss along the length of the main sheet:

Cy ['— - ('1 a11)‘('2 321)— ('3331)—04 341)—(|5 351)— (IG aGl)] x W
c 800 x 1400 = 1,120,000 mm?2.

u
Fori=1,2
set Aij = 0;

Bjj = 0. (Conditions are not satisfied given in Step 6 part (i))

For i = 3, dimensions of Item 3 are of length (I5) 1400 mm and width (wz) 600 mm and conditions
are satisfied given in Step 6 part (i).
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e [% -
o o -

Az > 0, then

n=1

3 3
Set (xs,Ys3) [[z apy n] ZAZIWZ_ Azt W3 , J Hzanl nJ+ZAZlWZ IOJ,
z=1 n=1

z=1
5 3
Zanlln z Apr Wy, By ls |, Zanln zAzlwz_ASlWS!BSlIS
n=1 =1 n=1 z=1
= (2200,0), (2800,0), (2800,1400), (2200,1400).
N3 = Ag x By
=1x1 = 1.

i.e. One piece can be cut from the Item 3 (1400 mmx600 mm) according to the
above coordinates.

set C, = [800 — (Agwy)]x By l; = 200 x 1400 = 280,000 mm?;

C, = 800x [1400 —(Byl3)] =800 x 0 = 0 mm?.

0 2

0 0

Pattern 1 = Pattern1 +|1 =11
0 0

0 0

(ii) Cutting loss along the width of the main sheet:
¢, = ayly x [1400 —(by;wy )] = 2200 x 200 = 440,000 mm?
For z=2,..,6
set Aj= 0;
Bij = 0. (Conditions are not satisfied given in Step 6 part (ii))

C,=2200 x 200 = 440,000 mm?.

Pattern 1 = and total cutting loss = 720, 000 mm?.

o o o N
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Step8:Setr =6-1=5>0
Step 9: as; = 0, then go to Step 11.
Step11: Setr = 5-1=4 >0
Step 9: a4 = 0, then go to Step 11.
Step 11: Setr = 4-1=3>0
Step 9: a1 = 0, then go to Step 11.
Step 11: Setr = 3-1=2 >0
Step 9: a,; = 0, then go to Step 11.
Step11: Setr = 2-1=1 >0
Step 9: a1 > 0, then
setj=j+1=2andgo to Step 10.

Step 10: ay; < by, then generate a new pattern j (= 2) according to the following conditions:

set a;, = a;; = 1;b12 = b11—1: 1.
ay = |:[[L —(|1f':112p|/2 :|:| - o;b22 =0.

3 = H -0 a“)_(lzazz% ﬂ = 0; b, =0.
Ay = H L -, alz)—(lzazz)—(l3a32ﬂ{1 ﬂ _ 0:b, = 0.

ar, = [L—(|1alz)—(|2 azz)—(lsa3z)—(|4 a42) = 0:b, =0.
52 H )I/S ﬂ 52

Set Pattern2 = ~

O O ©o o

Step 6: a;; > 0, then set

1 1 1 1
(X, y1) = [ Z azl;—apl, 0} {Z azl; 0](2 21, by Wl} {Z 8l =l by wy
z=1 z=1 z=1

= (o,zo),l(zzoo, 0), (2200, 600), (0, 600)

Ny, = app xby, = 1x1 = 1.
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i.e. one piece can be cut from the Item 1 (2200 mmx600 mm) according to the above
coordinates.

Step 7:
(i) Cutting loss along the length of the main sheet:

¢, = [L - (Il ap, )—(lz azz)—(lsa3z)—(|4 Ay )‘('5 as, )‘('e agy )] x W
800 x 1400 = 1,120,000 mm?.

c, =
Fori=1,2

set Aj= 0;

Bj= 0.

For i = 3, dimensions of Item 3 are of length (I5) 1400 mm and width (w3) 600 mm and
conditions are satisfied given in Step 6 part (i).

[
[ -

Az, > 0, then

n=1 z=1

SIS S N [ e

L{ianzln]+iAzzwz, B32I3], HZanz n]zAZW A, B

n=1 z=1 n=1
= (2200,0), (2800,0), (2800,1400), (2200,1400).

N; = Agp x By, = 1Ix1 = 1.

i.e. One piece can be cut from the Item 3 (1400 mmx600 mm) according to the
above coordinates.

set C, = [800 — (Azw; )] x By, I3 = 200 x 1400 = 280,000 mm?;

C, = 800 x [1400 —(Bg,l3)] =800 x 0 = 0 mm?
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0 1
0 0
Pattern 1 = Pattern1 +|1 =|1
0 0
0 0

(if) Cutting loss along the width of the main sheet:

¢, = apl; x[1400 —(b,w;)] = 2200 x800 = 1,760,000 mm?.

For z = 2, dimensions of Item 2 are of length (I,) 1600 mm and width (w,) 800 mm and conditions
are satisfied given in Step 6 part (ii).

set Ay, = H 2200 ﬂ o
B, - Hso%l2 ﬂ 1

If A,, >0, then

2 2 2
Set (x2,y,) = [ z Apaly = Ay ly W —kzz} [z Al W —kzsz{z Aol W =kgp +Dgp W, |,
z=1 z=1

z=1 =

2
(Z Apaly = Ayl W W —kyy +by WZJ

z=1
= (0,600), (1600,600), (1600,1400), (0,1400).

N, = A, x By =1x1 =1,

i.e. One piece can be cut from the Item 2 (1600 mmx800 mm) according to the
above coordinates.

C, = [2200 — (Ayw, )] xByl, = 600 x 800 = 480,000 mm?,

C, = 2200 x [800 —(B,,l,)] = 2200 x 0 = 0 mm?.

0

1
Pattern 2 = Pattern 2 +| 0 =

0

0

o o R kB
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Pattern 2 = and total cutting loss = 760,000 mmZ.

o o R kB

The algorithm proceeds in the same manner to generate all the cutting patterns shown in Table 11 for the
3000 mm x1400 mm standard dimension.

The Table Il exhibits the generated cutting patterns for optimum waste:
Table 11

Generated cutting patterns

Required Cutting patterns
dimensions 1 ]2 3456|789 ]1w|11|12]13f14]15|16]17]18]19]20
2200 x 600 mm? 211 f1]J1]ofjo]JofolJofoJoJoJo]Jof1]loflo]Jo]o
1600 x 800 mm? ol1fofojJola1fjr1]1f1)1fo]JofJoJo]Jofo]Joflo]Jo]o
1400 x 600 mm? 1]1 |2 1f1]3f2]r]1]jo]af3])]3f[2]2]o]Jo]1fo]o
1000 x 800 mm? oJofof2]Jo]JojJo]J1fo]J1fo]JarfJo]2a]1f[3]3f[2]1]o0
1000 x 600 mm? oJoJoJo]J2]Jo]J1]1]2]2]J]o]1]2]1]2]0]3]2]|]5]¢%
Cut loss
(x10%) mm? 72|76 | 120 | 44 [ 84 | 40 | 64 | 68 | 88 | 92 | 84 | 28 [ 48 |32 |52 | 48| 0 |56 | 40 | 60

There are 20 feasible cutting patterns available to cut raw material with the dimensions 3000 mm x1400 mm into

required rectangular shaped items. The mathematical model is developed to design generated cutting patterns so
that waste (cut loss) will be minimized and the optimum solution to the model is given in Table I1I:

Table 1
Optimum solution

Required Optimal Patterns

Dimensions 4 6 17 Demand
2200 x 600 mm? 1 0 0 1
1600 x 800 mm? 0 1 0 1
1400 x 600 mm? 1 3 0 4
1000 x 800 mm? 2 0 3 5
1000 x 600 mm? 0 0 3 3
# of sheets from

each pattern 1 1 1

Zmin = 840, 000 mm? (Total cut loss = 840, 000 mm?).

Location of the 4™ optimal pattern:
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Item 1 — (0,0), (2200,0), (2200, 600), (0,600);
Item 2 — No pieces;

Item 3 — (2200,0), (2800,0), (2800,1400), (2200,1400);

tem 4 — (0,600), (2000, 600), (2000,1400), (0,1400);

Item 5 — No pieces.

Conclusion

In this study, a cutting stock problem is formulated as a mathematical model based on the concept of cutting
patterns. As given in Table 1, twenty cutting patterns are generated and only three cutting patterns are selected
as given in Table 111 to cut the main sheet according to the requirements. In each cutting pattern, locations of
each piece within the main sheet are given using the modified Branch and Bound Algorithm. In this case study,
the plant assumes that all the extra pieces from each item as wastage. Also, dimensions of cutting items are large
and the total cut loss can be decreased if there are smaller rectangular shaped cutting items.

References

[1] Chen Chen, Chua Kim Huat, “Optimum Shipyard Steel Plate Cutting Plan Based On Genetic Algorithm™, EPPM, Singapore
(2011), 20-21.

[2] Hassan Javanshir, Shaghayegh Rezaei, Saeid Sheikhzadeh Najar and Gangi S.S, “Two Dimensional Cutting Stock Management in
Fabric Industries and Optimizing the Large Object’s Length”, IJRRAS, August 2010.

[3] J.E. Beasley, “Algorithms for Unconstrained Two-Dimensional Guillotine Cutting”, Journal — of Operations Research Science, Vol.
36,No.4 (1985), 297 — 306.

[4] Nicos Christofides and Charles Whitlock, “An Algorithm for Two-Dimensional Cutting Problem”, Operations Research, Vol.
25, No. 1 (1977).

[5] W. N. P Rodrigo, W.B. Daundasekera, A.A.l Perera “Pattern Generation for Two-Dimensional Cutting Stock Problem” International
Journal of Mathematics Trends and Technology (IIMTT), Vol. 3 Issue2 (2012), 54-62.

[6] P. C. Gilmore and R. E. Gomory, “A Linear Programming Approach To The Cutting Stock Problem”, Operations Research, Vol.
9, No. 2 (1961), 849 -859.

[7] P. C. Gilmore and R. E. Gomory, “A Linear Programming Approach To The Cutting Stock Problem —Partll”’,Operations  Research,
Vol. 11, No. 6  (1963), 863 — 888.

[8] Saad M. A. Suliman, “Pattern generating procedure for the cutting stock problem™, International Journal of Production Economics 74
(2001) 293-301.

ISSN : 0976-5166 Vol. 3No. 2 Apr-May 2012 368





