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Abstract - In this paper, we have used two powerful numerical and analytical methods for solving type of
partial differential equations called reaction diffusion system in one dimension. In the numerical method,
we use implicit method for discretizing the nonlinear reaction tern and implicit method for linear
diffusion term. The Tanh method is used to find the analytical solution for this model. The traveling wave
solutions are found for this system using the above methods and for generalized logistic growth with
nonlinearity of second order. Comparison of two methods show a good agreement.
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1. Introduction:

Today, the application of Reaction-diffusion systems have been found in many ranges of science, chemical and
biological phenomena to medicine (physiology, diseases, etc.), economics, weather prediction, astrophysics and
etc’?. There are two main physical aspects in this kind of problems, first aspect is an interaction between two
species (or reactions) coupled with a means of transport of their products'. One of the essential applications of
this model that has been studied widely is heat transfer, for example, a study on understanding the candle flame
and if there is any similarity with the mechanism of respiration of biological organisms'. Also, this model has
applications in nerve system’. Traveling waves are one of the interest topics and the applications that attract the
researcher in their study of reaction diffusion model’. In this paper, we study the reaction-diffusion system:

u, =D,u, +u(l—au" —a,w)

W, = DWWXX +W(1—ﬁ1Wm _ﬂzu)

Where D,,, D,, are diffusion coefficients, 1— alu” and 1— ﬂIWm are the generalized logistic growth, @ and 8

are positive constants’. We will take n and m as a positive integer focusing on the case n = m = 2, as we will
see that how the problem becomes difficult algebraically to solve when we solve it using both Tanh. When
n=m=1, the system (1) return to a simple Lotka-Volterra model’. In this paper we focus on solving this model
using numerical and analytical methods namely, semi-implicit finite difference'® as a numerical methods and
Tanh method***!" which can use specifically to find the traveling wave solutions for model similar to (1).

2. Finite difference method
Firstly, we discretize (1) using a semi-implicit method as follows:

t+At t t+At t+At t+At
u, — Uy ux+Ax_2ux + U, ax t tyn t
= X = +u,(l-ea,Uu,)" —a,w
At u( (AX)Z ) x( 1( x) 2 x)
t+At t T+At t+At t+At
W, —w Wiay —2W, — +W, " t tym t
- At = DW( e (A;)z * X)+Wx(1_ﬂ1(wx) _ﬂzux)
Those equations simplify give us:
t+At t+At t+At _ t t t\n t
(1+2r1)ux — MUy ax = RUx A = Uy +Atux(1_a1(ux) —OKZWX)
t+At t+At t+At t t tym t
(1+2r2)wx — LW = Wi = Wy +Ath(1_ﬂ1(Wx) _ﬂzux)
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@& 7 (A’
equally spaced points X = X; = (I —1)AX, where i =1,2,3,4,....... ,N andl is the length of domain. The
initial conditions are U(X,0) = U, (X), W(X,0) = W, (X). The boundary conditions are no flux or Neumann

boundary condition, U, =W, =0 at X = 0,l, which are imposed using a three point formula

where, I} = , respectively . The domain of solution 0<x<lis divided to N discrete

3u;+At Lyttt e

U’(X) — X+AX X+20X _ ()
2
2AX
At At t+At
W,(X) —_ 3Wx + 4WX+AX — Wyoax -0
2AX ’
From discretization we get a system of algebraic equations which can be written in the form:
t+1 t
AU =pU " oo (2),

or

(3 -4 1 1 lu] [ 0 |

t t t t
-r, -r 1+2r us" +U, +Atu, (1— o, (Uy)" —a,W;)
- —rn 1+2n u:\tl Uy + AUy (= Uy )" =Wy )
i Loo=4 3 Jluw' ] L 0 |
t+l t
" BW'! = CW " e 3,
3 -4 1 T Iw] [ 0 l
-r, —-r, 1+2r, w;! + W, +Atw (1= B, (W)™ = B,ul)
t+1 t t t \m t
—I — I 1"'2"2 WN+—1 T Wy +AtWN—1 (1_,81 (WN—l) _ﬁzuN—l)
i 1 —4 31w | 0 |

Then, we solve the algebraic system using MATLAB program. For specific values of the parameters and for the
initial conditions:

u(x,0) = (1 — tanh(x —1,))/2,

W(x,0) = (1+ tanh(x—1,))/ 2.

We get nice figures show the traveling wave solutions for this system focusing on the effect of n and m on the
propagating of u and w. In other words when we change the degree of the generalized logistic growth in the
reaction term, we investigate how the wave of u and w are reacts.
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Figure 1: Plot of the numerical solution of (I1.1) whenn =1, m=2,n=2, m=3, n=4, m=2,n=3, m=1,n=3, m=
4 andD, =25,D, =05, a; =2,a, =05, =1, §, =2.8.

We notice that the difference degrees of the term of logistic growth don’t make a large effect on the propagation
and the shape of the traveling wave solution although there are slightly a difference between these cases.
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Figure 2: Plot of the numerical solution of eq. (1.1) whenn =1,234, m=1, andD, =1,D, =1, a; =1,2, =07, =1, B, =
1.6.

ISSN : 0976-5166 Vol. 7 No. 4 Aug-Sep 2016 104



Shaker M. Rasheed et al. / Indian Journal of Computer Science and Engineering (IJCSE)

DB T T T | T T T T T
: : : u from first order
R L, ey ........ ......... ....... — — —wy from first order |

U from secod order

ObgF------- -. ........ ........ ........ . ........ ....... e frl:lm SEl:l:lrld DrdEI’ H

u frorm third order

w from third arder

D5 s s """" """ s """" LS u fram fourth arder
: w fram fourth order
(7 A RTRT o R IRRIs s ........ TR .
] S SR ..... ........ ........ e ........ e 4
1] - | I ......... I ........ ......... o st ....... il
| P s ........ s ........ feeeon ....... "
: g : : : i : :
: S ! ; - : :
0 L L el i I 1 1 1 1
0 100 200 300 400 500 BOO 70O 800 900 1000

"

Figure 3: Plot of the numerical solution of (1.1) whenn = 1,234, m=1, andD, =2,D, =1, a; =3,a, =5, =4, 3, =7.

3. Tanh method:
Now, we 1 take the general reaction —diffusion system (1.1) and study its traveling wave solutions using
Tanh method when n =m=2. First, we transform (1.1) using

UOGD) =U(S) and WOGE) =W (£)......(4).
where, &= k(X—ﬂt)

to get
2
—|</1O'—U—Du|<2 du ~U(l-aU*-a,W)=0
ds ds 5)
2 b
—kzdﬂ—Dsz dw ~W(1-8W-£U)=0
dé dé
where
d d
—=(1-Y*)—
de ( )dY
d’ d d?
. =—2Y(1—Y2)W+(1—Y2)2 v : (6)
d’ d d? d’
—=2(1-Y)BY* -D)—-6Y(1-Y?*) —+(1-Y?) —
i ( X )dY ( ) v ( ) vE

We introduce Y = tanh(&) and replace eq. (6) by
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dF(Y)

ad=yH I ke ayaoy ) D |y SFO),
dy dy

—F(Y)1-a,(F(Y))’ —a,G(Y)) =0
(Y X( a(())a()) o

dG(Y) | d2G(Y)

—KAQ-Y?)—2 (Y) ~-D,K>(=2Y(1- Y) +(1-Y?)? )

—G(Y)(1-4 (G(Y)) ~B,F(Y) =0

Now, to determine the parameter N and M we balance the linear term of highest order with highest order of
nonlinear terms, in (7). The balance of U " with U 3 obtains N+2 = 3N, and therefore N = 1 where

. d’F(Y
U’ :T(z)] . Similar balancing of W” withW> gives M + 2= 3M, then M=1, where [
w4760
dy?
Now, the Tanh method admits the use of the finite expansion for :
ux,t)=F()=ao+a,Y
w(x,t)=G(Y)=bo+h,Y |’

®)

where, 8, # 0,0, # 0 Substituting (8) in (7) we get,

—k/l(l—Yz)(al)—Dukz[—2Y(1—Y2)(al)+(1—Y2)2(O)]—(aO+alY)(1—041
(a; +2a,aY +a’Y?*)—a,(b, +bY)) =0, 9)
and
—kA(1=Y?)(b,)=D,k*[-2Y (1 =Y *)(b)+ (1Y *)*(0)] - (b, +b,Y)(1- S,

(b2 +2b,bY +b2Y )= B,(a, +a,Y)) =0, (10)

then eq.(9) becomes,
(-a, +a,a, +a,a,b, —k1a,)Y "’ +(-a, +3a,¢,a; +a,a,p

+a,a,b, +2D,k’a,)Y " + (3,2, + a,a,b, +kia, )Y’

+(a,a’ —2D,k%a,)Y* =0, (11)

and this leads to:
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*:(-a, +a,a, +a,a,b, —kia,) =0

Y':(-a +3a,3,a; +a,a,b, +a,ab, +2D,k’a,)=0
; 12)
>:(Ba,a,a +a,a,b, +kia, ) =0

Y’ :(a,a’ -2D,k%a,)=0
Similarly eq.(10) becomes:
(_bo + ﬂlbg + ﬂzboao - kﬁ“bl )Y "+ (_bl + 3181b1b§ + 182b0a1

+B,ba, +2D,k’b)Y" +(3Bb,b’ + B,ba, +kib,)Y?

Jr(ﬂlbl3 —2Dwk2b1)Y3 =0, (13)
and this leads to:

Y?:(-b, + Bb; + B,b,a, —kib) =0

Y':(=b, +38bb; + B.ba + Bba,+2D,k’b)=0
, (14)
Y2 (38b,b: + Bba, +kib)=0

Y3 (Bb}—2D, k%) =0
The remaining constants are easily found through simple algebra such that
., [2D, o [2P.
B

2
aozi(Zaz\/D D, \/a”)/6D b, _ 12Dk
1

a, p, a,

Finally, we find the solution in the form

u(x,t) =a, +a, tanh k(x— At)
W(X,t) =b, +b, tanh k(X — At)

The traveling wave solutions of u(x,t) and w(x,t) can be plot using by MATLAB as shown in figure 4.
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Figure 4: plot the numerical solution of the reaction—diffusion system (1.1) by the Tanh method when:

a,=0.6,a,=0.5b =1b,=0.7,D,=1,D, =1k =0.355t =70

Now, the comparison of the solution of the reaction diffusion system (1.1) using the finite difference method
and the Tanh method when (m=n=2) shows a good agreement between them as shown in the figure (5).
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Figure 5 : plot the comparison for eq. (1) between Tanh method and finite difference method when ( n=2 , m=2) and

a, =0.6,a,=05b =1,b,=0.7,D, =1,D, =1,k =0.355,t =70
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4. Conclusion

In this paper, we study a reaction diffusion system (1.1) with nonlinear and generalized logistic growth.
Traveling wave solutions for this model are found using finite difference and Tanh methods. The focus on the
nonlinearity of generalized logistic growth was in the second order, where the first order will return the system
to a Lotka-Volterra model. Both numerical and analytical methods are sufficient to find the traveling wave
solution for this model.
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